
ACM Reference Format
Rémillard, O., Kry, P. 2013. Embedded Thin Shells for Wrinkle Simulation. ACM Trans. Graph. 32, 4, Article 
50 (July 2013), 8 pages. DOI = 10.1145/2461912.2462018 http://doi.acm.org/10.1145/2461912.2462018.

Copyright Notice
Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted 
without fee provided that copies are not made or distributed for profi t or commercial advantage and that 
copies bear this notice and the full citation on the fi rst page. Copyrights for components of this work owned 
by others than ACM must be honored. Abstracting with credit is permitted. To copy otherwise, or republish, 
to post on servers or to redistribute to lists, requires prior specifi c permission and/or a fee. Request permis-
sions from permissions@acm.org.
Copyright © ACM 0730-0301/13/07-ART50 $15.00.
DOI: http://doi.acm.org/10.1145/2461912.2462018

Embedded Thin Shells for Wrinkle Simulation

Olivier Rémillard
School of Computer Science

McGill University

Paul G. Kry
School of Computer Science

McGill University

Abstract

We present a new technique for simulating high resolution surface
wrinkling deformations of composite objects consisting of a soft
interior and a harder skin. We combine high resolution thin shells
with coarse finite element lattices and define frequency based con-
straints that allow the formation of wrinkles with properties match-
ing those predicted by the physical parameters of the composite
object. Our two-way coupled model produces the expected wrin-
kling behavior without the computational expense of a large number
of volumetric elements to model deformations under the surface.
We use C1 quadratic shape functions for the interior deformations,
allowing very coarse resolutions to model the overall global de-
formation efficiently, while avoiding visual artifacts of wrinkling
at discretization boundaries. We demonstrate that our model pro-
duces wrinkle wavelengths that match both theoretical predictions
and high resolution volumetric simulations. We also show exam-
ple applications in simulating wrinkles on passive objects, such as
furniture, and for wrinkles on faces in character animation.
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ometry and Object Modeling—Physically based modeling
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1 Introduction

Wrinkles are important visual details that appear on the surface of
deformable objects. If an object has a thin surface layer with elas-
tic properties that are stiffer than those of the underlying volume,
then wrinkles will form when the object is under compression. This
is because the skin, being thin and stiff, will more easily undulate
in order to accommodate the compression. This occurs naturally
with human skin where the epidermis and dermis layers have varied
thickness and elastic properties which are different from the subcu-
taneous tissue, fascia, and underlying muscles [Danielson 1973].
The phenomenon is also observed in other examples of composite
materials at various scales, from dried fruit to mountain formation
[Genzer and Groenewold 2006].

In computer graphics, many different approaches are used to model
and animate wrinkling. There has been a lot of research focusing
on physically based simulation of thin shells and clothing. Much
of this work is relevant, and the wrinkling is similar; however, our
focus is on the situation where the skin is physically attached to

Figure 1: An example of wrinkles produced by our technique.

its foundation while clothing is typically draped or worn with in-
termittent collisions and contact providing the driving forces. In
other work focusing on interactive solutions, procedural models
have been proposed for creating wrinkles, for instance, within skin-
ning techniques. Wrinkle maps are likewise a common approach
for procedurally adding visual details to faces, clothes, or to show
muscle activations. When the wrinkles always form in exactly the
same places, these techniques perform well. But there are many
situations where it is preferable to have a simulation, for example,
in wrinkling due to arbitrary contacts with the environment.

In the context of embedded meshes, the high resolution details of
a surface mesh are visible, but the low number of degrees of free-
dom in the mechanical lattice prevents any new wrinkles from form-
ing. While biomechanical simulations of faces and physically based
skinning techniques have pushed the sheer number of elements to
incredible numbers, these methods still fall short of the necessary
amount of degrees of freedom to produce fine wrinkling.

Our technique builds upon the embedded mesh approach, recog-
nizing that bulk deformations have much lower spatial frequencies
in situations involving wrinkling. Our model replaces the embed-
ded mesh with a thin shell and unites both systems with position
constraints. By designing the constraints to act smoothly only at
lower frequencies, we ensure that they do not interfere with wrinkle
formation or large deformation. We identify the frequency cut-off
using a model of wrinkle wavelength that takes as parameters the
skin thickness and the elastic properties of both the skin and the
interior. Furthermore, we use quadratic shape functions to model
interior deformation, which allows the number of interior elements
that we need to be kept to a minimum while avoiding C0 artifacts
that linear shape functions produce at element boundaries. Whereas
the quadratic shape functions associate more degrees of freedom to
each element, it is still straightforward to build a dynamic model lat-
tice with superimposed elements and node duplication that properly
take into account the underlying mesh connectivity. Our solver pro-
duces static solutions for the shell (which is thin and light and will
not typically exhibit visual dynamics), and we let the shell defor-
mations contribute forcing on the dynamics of the interior. Figure 1
shows a preview of the results.
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2 Related Work

Early seminal work on elastic deformable models introduced tech-
niques based on finite elements to computer animation [Terzopou-
los et al. 1987; Terzopoulos and Witkin 1988]. In other early work,
free form deformation lattices [Sederberg and Parry 1986] were
used to define specific deformation modes, for which physically
based equations of motion could be created to produce animation
[Faloutsos et al. 1997]. The combination of coarse finite element
models with fine meshes has become a popular computer animation
technique, and is typically referred to as embedded meshes. Various
examples of applications and modifications to the basic formulation
include skeleton driven deformations [Capell et al. 2002], corota-
tional formulation for fast simulation with linear elasticity [Müller
et al. 2002], fracture [Müller and Gross 2004; Parker and O’Brien
2009], node duplication to deal with small pieces during fracture
[Molino et al. 2004], and elements robust to inversion [Irving et al.
2004]. Wojtan and Turk [2008] present embedded meshes in the
context of viscoelastic flow, and can produce fine folds over time
due to periodic re-embedding of the plastic deformations and re-
finement of large or skinny triangles. Embedded meshes have also
been used in numerical coarsening of inhomogeneous elastic ma-
terials [Nesme et al. 2009]. The popularity of embedded meshes
in computer animation is probably due to the ease with which a
model can be embedded into tetrahedra or hexahedra, in contrast to
the complexity of producing exact volumetric meshing of a surface
mesh. Even though meshing software is available for solving this
problem, we often do not want to simulate our objects at such fine
resolutions, and instead prefer an inexpensive simulation of a low
dimensional model; this is also our preference in our embedded thin
shell approach.

For faces, there has been previous success in generating creases
and furrows using physically based models [Terzopoulos and Wa-
ters 1990; Sifakis et al. 2005]. However, these techniques have
difficulty in producing fine details due to the sheer number of ele-
ments that are required to model wrinkling at the skin. Thalmann et
al. [2002] specifically look at skin wrinkling properties in relation
to mechanical properties in high resolution models of the dermis
and epidermis in 2D cross-section simulations. With growing com-
puter power and fast algorithms, very large numbers of elements
can be simulated [McAdams et al. 2011]. This and other work re-
lated to higher resolution simulation are relevant because of our in-
terest in simulating very fine resolution surface features. However,
even with these volumetric simulation methods, we believe it is still
difficult to simulate the number of elements necessary to produce
fine surface wrinkles.

The simulation of wrinkles and folds has more commonly been
the domain of cloth and thin shell animation. For cloth, Bridson
et al. [2002] use subdivision to smooth wrinkling during the ro-
bust treatment of collisions (we similarly use subdivision in ren-
dering some of our final results). At higher resolutions, Bridson et
al. [2003] use a variety of techniques to promote the development
of wrinkling details in regions where there is contact. Thin shells
are much like cloth but have non flat rest configuration. We use the
bending energy described by Grinspun et al. [2003], though alter-
natives exist, for instance a quadratic energy model for inextensible
surfaces [Bergou et al. 2006]. We have explored different options
for stretching and shearing energy, but we ultimately use the model
of Baraff and Witkin [1998] in our thin shell simulation. Most work
in graphics and animation makes use of linear shape functions due
to the ease with which they can be implemented. Among the excep-
tions is work on cloth [Thomaszewski et al. 2006] and physically
based shape editing [Mezger et al. 2009]. We use continuous B-
spline quadratic shape functions for volume elements so as not to
influence the location of wrinkles on our embedded shell. Although

we use linear shape functions for the shell simulation, we use sub-
division to smooth the result.

There has been a lot of focus on using coarse simulations and aug-
menting the results with fine details [Bergou et al. 2007; Kavan
et al. 2011]. This is relevant to our work because of the necessity
of describing constraints that link a coarse simulation of the global
deformations, with a fine resolution simulation of the surface. We
explore both global and local constraints and ultimately prefer local
constraints, which makes our work most similar to that of Bergou
et al. [2007]. An important difference is that we build our con-
straints based on the wavelength of wrinkles as predicted by the
skin thickness and elastic properties of the model. Furthermore, we
incorporate our constraints within a two-way coupled simulation
that also evolves the dynamic interior of the object. We note that
other interesting aspects of coupling physical models are explored
by Sifakis et al. [2007]. For single point contact, Seiler et al. [2012]
show how to augment a coarse simulation with fine details during
user interaction. Our model, in contrast, allows for multiple points
of contact as we do not precompute wrinkle patterns.

Wrinkles can be created procedurally based on stretch tensors
[Rohmer et al. 2010], or even designed as part of a character skin
[Larboulette and Cani 2004; Wang et al. 2006]. Other work looks
specifically at wrinkles and folds of bending fingers [Venkataraman
et al. 2005]. Certainly, artist designed wrinkle maps (or normal
maps) are likely the most common technique for modeling and ren-
dering fine details since the early days [Blinn 1978], and are still
widely used in current applications [Jimenez et al. 2011]. In con-
trast to artist designed wrinkle maps or procedural models, data
capture or precomputation can be used as a source of detailed sur-
face geometry or maps. In the context of character animation, we
can see our embedded thin shell technique as an interesting means
for automating the creation of wrinkle map examples.

3 Coupling Surface and Interior

We start with a surface mesh and build a coarse volumetric finite
element model to simulate large deformations of the interior. De-
pending on the context, the interior of the object could also be
referred to as the foundation, or substructure, or substrate. We
largely follow the standard approach used in embedded mesh sim-
ulation techniques. While there are many options, we use B-spline
quadratic shape functions and a hexahedral lattice, and we describe
the specifics of our implementation with respect to model construc-
tion and simulation in Sections 5 and 6.

We build a linear embedding relation B : Rm → Rn using inter-
polation weights of the surface mesh with respect to the hexahedral
lattice given the mesh position at the reference configuration. The
reference configuration represents the equilibrium state of the ob-
ject, and can have existing geometric folds and creases as features.
Given the interior reference position q0 ∈ Rm, the surface refer-
ence position xq0 ∈ Rn is given by

xq0 = Bq0.

Interpolated mesh positions Bq are often sufficient to produce re-
alistic animation featuring interesting deformations. However, fine
features such as wrinkles, pinching, furrows, and grooves on the
embedded surface can only be observed when the elements of the
underlying lattice are sufficiently fine, requiring expensive models
with hundreds of thousands, if not millions of elements. Our formu-
lation instead addresses the problem by coupling a high resolution
thin shell to the embedded mesh driven by a low resolution lattice.

To maintain the coherence between the surface and the interior, the
shell must be attached to the embedded mesh. The most naive op-
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tion would be to add penalty forces between the shell and the em-
bedded mesh. This would work and would be fast, but the stiffness
of the penalty will directly influence the formulation of wrinkles,
both the frequency and magnitude, which complicates the selec-
tion of parameters. Instead, we couple the surface to the interior
through position constraints, formulated as a matrix H providing a
linear transformation H : Rn → Rc, with c� n, which is applied
to both the shell and the embedded mesh,

Hx = HBq.

The constraints must force the shell x to match the embedded shape
Bq, but only at low spatial frequencies, with the null space of H
allowing for the high spatial frequency deformations necessary to
produce wrinkles. We discuss the expected wrinkle wavelength in
Section 4, while the next two subsections present different options
for defining the constraints.

3.1 Constraints with Local Support

We create constraints with local support in a manner inspired by the
work of Bergou et al. [2007] on tracking thin shells. Each of our
constraints requires that the weighted average of a cluster of shell
vertices matches a corresponding weighted average of embedded
mesh vertices. Through a careful selection of clusters and weights
we can ensure that we only constrain the shell at spatial frequen-
cies below that of the natural wrinkles (see Section 4). For a given
cluster of vertices C, the constraint has the form∑

i∈C

αixi =
∑
i∈C

αi[Bq]i , (1)

where the weights αi provide an affine combination of the shell
vertex positions xi and the embedded mesh vertex positions [Bq]i.
We use a truncated Gaussian function for the weights, that is,

αi = wC e
−
d2i
2σ2 if di < 2σ, 0 otherwise , (2)

where wC normalizes the sum of weights to one, and di is the dis-
tance from vertex i to the cluster’s center, which we approximate
by the shortest path following mesh edges. The standard deviation
σ determines the frequency attenuation power of this Gaussian as
a spatial filter. The truncation at 2σ determines vertex membership
in the cluster; it is an arbitrary and conservative choice that ensures
the sparsity and smoothness of the constraints.

We use a set of c overlapping clusters centered at locations dis-
tributed evenly across the surface. The cluster centers partition the
mesh into regions as seen in Figure 2. Centers are greedily selected
in a preprocessing step using breadth first search along mesh edges.
We start by choosing a random vertex for the first center, and then
compute the minimum edge traversal distance to all other vertices.
We choose the farthest vertex as the next center, and then update
the minimum distances for all the vertices that are closer to this
center. We repeat until all vertices have at most a distance of 1

2
r to

a center, where r is the desired distance between centers of adjacent
regions, and is a parameter determined by the material properties of
the object as described in Section 4.

Each cluster defines a constraint, and together they form the rows of
our sparse constraint matrixH . Typically we observe that each con-
straint involves a few hundred vertices, with each vertex influenced
by 3 to 10 constraints. Although the normalizationwC of each clus-
ter’s weights is arbitrary in the context of the constraint, it helps our
iterative solver by ensuring that clusters are treated equally despite
how few or how many vertices they contain. Overall, the Gaussian
weights act as a local low-pass filter, and the overlapping clusters
that make up our constraints can be viewed as a filtered geometry
reconstruction of limited frequency.

Figure 2: An example mesh with two different resolution partitions
into uniform regions. Our greedy algorithm is unaffected by varying
density in the mesh. Region centers define the locations for over-
lapping Gaussian weighted averages that make up our constraints.

Figure 3: When bending a rectangular solid, spectral constraints
produce ripples across the entire model (left), while local con-
straints allow wrinkling effects to remain localized (right).

3.2 Global Spectral Constraints

A natural choice for constraining the shell to the embedding at low
spatial frequencies is to constructH based on the spectral properties
of the mesh. In particular, inspired by work by Kavan et al. [2011]
on tracking for cloth simulation, we can construct the rows of H
from the c eigenvectors corresponding to the smallest eigenvalues
of the decomposition of the mesh Laplacian. When the rows of H
contain only low spectral frequencies of the mesh, the constraints
leave the higher frequencies undisturbed. This approach generates
the smoothest low frequency basis with the disadvantage that H is
dense. However, an advantage is that it is possible to select the
frequency cut off by choosing the appropriate size of the basis c
from the eigenvalues.

While the global approach can also have advantages in speed for
solvers that exploit orthogonality in H , we prefer constraints with
local support. With local constraints, the wrinkles remain localized
to where there is deformation, while global constraints tend to dis-
tribute ripples over the entire surface, as shown in Figure 3.

4 Wrinkle parameters

We base the construction of our constraints on the expected fre-
quency of wrinkling on the surface. We use a simple model that
describes the mechanical behavior of a skin attached to a soft elas-
tic foundation [Timoshenko and Gere 2009]. When a skin of small
thickness is strongly adhered to an infinitely thick substrate, buck-
ling or wrinkling of the skin occurs only when a compressive force
exceeds a critical value, at which point wrinkles form in the skin
with a sinusoidal deflection profile of wavelength λ along the com-
pression direction. Given the thickness of the skin h, and the
Young’s modulus and the Poisson ratio of the skin and the inte-
rior (Ex, νx, and Eq , νq respectively), the corresponding critical
wavelength is

λ = 2πh

[
(1− ν2q )Ex

3(1− ν2x)Eq

]1/3
. (3)

Using the critical wrinkling wavelength for our given object’s pa-
rameters, we can compute the inter-cluster spacing r and the stan-
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dard deviation σ to use in the construction of our constraints. Recall
that the averaging weights in a given cluster come from a Gaussian
with the shape

g(d) = e
−
d2i
2σ2 . (4)

The parameter σ must be chosen such that this Gaussian filter at-
tenuates spatial frequencies at and above the critical wrinkle wave-
length. The Fourier transform gives us the frequency response pro-
file of our averaging weights as

G(ξ) = σ

√
π

2
e−2σ2π2ξ2 , (5)

which is a scaled Gaussian with standard deviation (2σπ)−1. To
assure a sufficient attenuation at the critical wavelength, we use two
standard deviations and we set

1

λ
= 2(2σπ)−1 , thus, σ = λ/π . (6)

The inter cluster spacing r is also tied to wrinkle wavelength, and
the Nyquist-Shannon sampling theorem dictates that 1/r should be
less than twice the critical wrinkle frequency 1/λ, otherwise our
constraints can prevent the formation of wrinkles. Therefore, r >
1
2
λ = 1

2
σπ. In practice, we choose to use an inter cluster spacing

of r = 2σ.

While the critical wavelength given by Equation 3 is constant, the
amplitude of the buckles is related to the compression of the inte-
rior. Beyond the linear region where this simple model is accurate,
the wavelength is still proportional to Equation 3.

We note that there are alternatives to our greedy approach to build-
ing well-spaced cluster centers for local constraints, and examples
are discussed by Bergou et al. [2007]. Nevertheless, we observe
that our simple greedy construction in Section 3.1 works well in
practice. More importantly, if an object has varying elasticity and
skin thickness, then we should vary the density of cluster centers
and the Gaussian standard deviations of each cluster in order to ac-
commodate the variations in wrinkle wavelength; we leave this for
future work.

4.1 Selecting Parameters

There are a variety of options for setting the parameters to create
physically based wrinkles. The most straightforward is to directly
use the elastic properties and surface thickness parameters of the
real world materials corresponding to our model. For instance, for
a leather couch with foam interior, we can use a leather of thickness
h = 2 mm and Young’s modulus Ex = 40 MPa, and foam interior
with Eq = 0.5 MPa, giving wrinkles of wavelength approximately
4 cm. The stiffness parameters for the elastic stretching and bend-
ing energy of the surface are set as hEx and h3Ex respectively to
conform to the model parameters. We note that the Possion ratio
does not play a very important part in determining the wavelength
and can largely be ignored, even when the surface and interior have
varying Poisson ratios (it will not change λ by more than 10%). It is
the skin thickness and the Young’s modulus ratio that have the most
significance in determining wrinkle wavelength. If instead we want
to choose parameters based on a desired visual wrinkle appearance,
then we can easily choose a skin thickness and Young’s modulus
ratio that together produce the desired wavelength.

5 Model Composition

We use dense triangle meshes with shell stretch and shear energy
defined by Baraff and Witkin [1998], and bending energy defined

Figure 4: A comparison of linear and quadratic shape functions
for interior elements showing that linear shape functions produce
artifacts both at low wrinkle frequencies (left) where wrinkles fall at
element boundaries, and at high wrinkle frequencies (right) where
the C0 continuity at interior element boundaries are evident.

by Grinspun et al. [2003]. Thin shell energies are best suited to reg-
ular meshes, and have poor behavior in meshes that contain sliver
triangles. In the case of problematic meshes with poorly shaped tri-
angles we have used Lp centroidal Voronoi tessellation to remesh
the surface [Lévy and Liu 2010].

We use non-inverting rotated linear energy for our hexahedral lat-
tice [Irving et al. 2006], and evaluate using 27 quadrature points (3
along each dimension) due to our use of quadratic shape functions.
The reason for this is to model smooth global deformations of the
interior with a relatively small number of degrees of freedom. Thus,
we choose to embed the surface mesh in a coarse regular hexahedral
lattice of second order B-Spline elements. Because the coupling be-
tween the interior and the surface relies on a frequency filtering, the
wrinkles will be influenced by non-smooth deformations of our in-
terior discretization. With linear shape functions, wrinkles driven
by a coarse discretization will form at element boundaries due to
pinching or discontinuous surface tangents. This artifact is absent
with quadratic shape functions because they are C1 continuous.
Figure 4 shows a demonstration of the artifacts that are produced
when using linear shape functions in the interior.

5.1 Interior Construction

When building the coarse model, we use a spatial hash to determine
the element to which a vertex belongs; however, care must be taken
not to lump close yet mechanically separate parts of the mesh into
the same element. This is critical, for example, to deal with lips
in face geometry. We use superimposed elements with node dupli-
cation to accommodate these situations, and briefly describe below
how we construct the model given our higher order shape functions.

We automatically obtain a volume model from a watertight mesh.
First the mesh faces are divided into lattice cells. Then for each
lattice cell, the interior volume mesh is constructed by closing the
divided mesh pieces along the cell boundaries. Face normals de-
termine the side of the closed mesh segments to which the interior
volume lies. We create a finite element for every disconnected com-
ponent in each cell. Connectivity of the lattice elements is available
by analyzing the connectivity of the closed mesh segments. All el-
ements start with their own copies of their 27 degrees of freedom,
3 quadratic B-spline nodes along each dimension (this would be 8
for trilinear shape functions with hexahedral elements). When two
elements are adjacent across a cell face and are topologically con-
nected, we merge the 18 overlapping pairs of quadratic B-spline
nodes. Merging nodes ensures C1 continuity across the common
boundary between these elements (or C0 continuity when merging
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Figure 5: A 2D illustration of lattice construction. Left, the mesh is
sliced along the lattice boundaries. Middle, the mesh segments are
closed using the lattice cell faces, a finite element denoted by a col-
ored square is created for each, and connectivity across cell faces
forms a graph. Right, visiting each edge of the graph, we merge
overlapping nodes in order to mechanically connect the elements
(6 pairs of quadratic nodes in 2D, and this would be 18 in 3D).

4 pairs with trilinear shape functions). Figure 5 shows a 2D illustra-
tion of the construction process. This bottom up approach of walk-
ing each edge of the topology graph and merging provides a very
simple method for assigning the appropriate degrees of freedom to
the elements, even in very complicated meshes.

6 Simulation

Wrinkles tend not to have visible dynamics because the skin is thin
and light in comparison to its stiffness. Being light and stiff, solv-
ing the shell dynamics requires small steps or implicit methods for
stability. But the shell stiffness projected onto the interior degrees
of freedom is much lower, allowing a wider variety of integration
methods and step sizes. Thus we choose to solve the coupled sys-
tem in a two-step procedure, first computing a quasi-static equilib-
rium for the shell from the interior configuration qk at time step
k, and then solving the dynamics of the interior while taking into
account the shell deformation forces (for instance, with symplectic
Euler, or with backward Euler as we describe below). Although
skin motion is typically dominated by interior dynamics, our ap-
proach cannot produce the high resolution surface dynamics that
would appear in a fully dynamic simulation, such as traveling sur-
face waves.

We denote the surface and interior forces as

Fx(x) = fx −
∂Ex
∂x

T
∣∣∣∣
x

, (7)

Fq(q) = fq −
∂Eq
∂q

T
∣∣∣∣
q

. (8)

Here, Fx(x) is the force acting on the shell at configuration x, and
is a combination of external forces fx and internal forces due to its
deformation energy Ex(x). Likewise, Fq(q) is the force acting on
the interior at configuration q, and combines external forces fq such
as gravity, and internal forces due to its deformation energy Eq(q).
Note that we simulate contact at the level of the embedded thin shell
and resolve collision with the iterative robust collision technique of
Bridson et al. [2002].

6.1 Surface Statics

The static solution of the shell is constrained by the position of the
embedded mesh xqk = Bqk, given the interior configuration qk at
time step k. We use Newton-Raphson iteration to solve for x in
the non-linear constrained problem Fx(x) = 0 subject to Hx =
Hxqk, using xk−1 as a starting location. We enforce the constraint

using Lagrange multipliers,

solve
x,λ

{
Fx +HTλ = 0

γH(xqk − x) = 0
, (9)

and we introduce the scalar γ as a simple and inexpensive form of
preconditioning to facilitate the solver progression. The value of γ
is chosen to equal the shell thickness times its Young’s modulus in
order to balance the residuals of both equations. This scaling factor
is necessary becauseH contains small values, whereas the stiffness
of the shell typically puts Fx at several orders of magnitude larger.
At every Newton-Raphson step, the equations are linearized and
organized into[

∂2Ex
∂x2

∣∣∣
x

γHT

γH 0

] [
∆x
λ

]
=

[
−Fx(x)

γH(xqk − x)

]
. (10)

We find that the solution of this system can be reliably computed
with MINRES [Paige and Saunders 1975], where the method of
conjugate gradients fails due the non positive definite nature of the
system matrix.

We augment our constrained Newton-Raphson solver with a line
search at each step using the Armijo rule. We search for step size
βm that satisfies the criteria ‖F (x+βmd)‖ < (1−αβm)‖F (x)‖,
for search direction d from current solution x. We let α = 10−4,
and note that F combines both our non-linear Fx and the constraint
γH(xqk−x). We first try βm equal to 1 and 0.5, and then combined
with the value at 0 we build a quadratic polynomial φ(β) = ‖F (x+
βd)‖2 that models the squared error. Every subsequent step finds
the minimum β∗ of the function φ, clamps the guess to 0.1 to 0.5
times the size of the previous best guess, and then tests with the
criteria. The process repeats while β∗ does not satisfy the criteria,
with the model φ reconstructed at each step using the last two β and
the value at zero (see [Kelley 1987]).

By searching for a static solution that is close to our previous
configuration we promote temporal coherence in our animations.
While we do not find the closest root to xk−1, this iterative ap-
proach is fast and works well for many different step sizes.

6.2 Interior Dynamics

The static solution xk has resultant force Fx(xk) ∈ Rn for the
given interior configuration qk. When we step the dynamics, we
inject the effect of the shell into the interior model by applying the
shell forces, using BT to map shell forces back to the degrees of
freedom of the interior. To advance the state of the interior by time
step h, we use an implicit scheme, combining both the interior and
skin forces,

M
q̇k+1 − q̇k

h
− Fq(qk+1)−BTFx(xk+1) = 0 , (11)

qk+1 − qk
h

− q̇k+1 = 0 . (12)

We must linearize both force terms to perform Newton-Raphson
iteration. Interior forces at qk+1 are easily approximated by

Fq(qk+1) ≈ Fq(qk)− ∂2Eq
∂q2

∣∣∣∣
qk

(qk+1 − qk) , (13)

but the shell forces are more complicated because xk+1 is a func-
tion of qk+1. We can make this tractable by using the embedded
mesh motion as an approximation of the shell motion,

Fx(xk+1) ≈ Fx(xk) +
∂Fx
∂x

∣∣∣∣
xk

(xk+1 − xk) ,

≈ Fx(xk)− ∂2Ex
∂x2

∣∣∣∣
xk

B(qk+1 − qk) . (14)
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These equations are rearranged into a linear system that we solve
with Newton-Raphson iterations, using the previous velocities q̇k as
initial guess for q̇k+1. At every linearization, we solve the system[

M + h2Kq(qk+hq̇k+1) + h2BTKx(xk)B
] [

∆q̇
]

= h
(
Fq(qk+hq̇k+1) +BT (Fx(xk)− hKx(xk)Bq̇k+1)

)
(15)

where Kq is the Hessian of the interior energy and Kx is the Hes-
sian of the shell energy. The system is sparse and symmetric and
can be solved with conjugate gradients. After each iteration we up-
date the interior velocities q̇k+1 ← q̇k+1 + ∆q̇. Notice that we
recompute a new Hessian Kq at (qk + hq̇k+1) at each iteration,
while the shell stiffness Kx remains fixed.

Once the solver converges to the final velocity, we can set the inte-
rior positions qk+1 = qk+hq̇k+1, and compute the static shell pose
from the embedded mesh position xqk+1 = Bqk+1 as described in
the previous subsection.

We note that our step sizes must not be too large if we wish the static
shell solutions to be coherent along an animation sequence. Nev-
ertheless, seeding our static solves at the previous state has worked
well with the objects and materials we have simulated using a step
size of 0.02 s.

While damping is trivial to add to our formulation above, we can of-
ten get sufficient numerical damping from our implicit integration.
Our focus is on wrinkling by coupling a quasi-static shell with a
dynamic interior, and we note that alternative numerical integrators
are preferable should higher fidelity dynamics be desired.

7 Discussion

In the following subsections, we present a variety of examples and
comparisons that help validate our approach. This includes infor-
mal evaluation of natural phenomena, and comparison of wrinkling
wavelengths generated by our model with different parameters to
the expected behavior. Table 1 shows information and timing for a
variety of models and simulations that appear in figures throughout
the paper.

7.1 Full Simulation Comparison

As part of our validation, we compare the results of our embed-
ded thin shell technique to a volumetric simulation of a slab dis-
cretized with a large number of volumetric elements. An example
simulation of our model and the dense volumetric simulation can
be seen at right in Figure 6, while at left we compare wrinkle wave-
lengths for a large variety of different skin thicknesses and Young’s
modulus ratios. The different colours of the dots indicate differ-
ent thicknesses, and we note that the models match well. Note that
our wrinkle wavelength tests are limited by the size of the block and
the number of the elements. Wrinkles will not form when the wave-
length approaches the width of the slab, and at high frequencies the
wrinkles take on a wavelength dictated by the lattice resolution.

7.2 Critical Wavelength Comparison

Research on wrinkling often revolves around the modeling of the
critical wavelength, such as the wavelength model of Equation 3
given thickness and elasticity parameters. We show in Figure 7
that our embedded thin shell model matches the prediction very
well. The figure shows isocontours of equal wavelength for changes
in surface thickness and Young’s modulus ratio. Measured wave-
length samples are shown with grey dots, and involve running a
simulation similar to that shown in top right of Figure 6.
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Figure 6: Left, wrinkle wavelengths compared across many ma-
terial parameters. Wavelengths are measured from simulations of
a thin shell embedded into a single element (top right), and from
simulations of dense volumetric elements (bottom right).
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Figure 7: Wavelengths for different material parameters, as esti-
mated from sample simulations (at grey dots). Wavelength isocon-
tours (blue) match predictions of critical wavelength (green).

7.3 Natural Phenomena

Although wrinkling in thin sheets has been studied for decades, the
understanding of the phenomenon is still far from complete. Mul-
tidirectional forces acting on an object and resulting in complex
wrinkle morphologies are still rather difficult to fully predict. For
example, wrinkling in dried fruits occurs typically at random in-
plane because the foundation shrinks isotropically. However, by
considering biaxial compression of a thin rigid skin resting on top of
an elastic foundation, Mahadevan and Rica [2005] demonstrate that
patterns such as Miura-ori form in a two-step process, where buck-
les form initially without any in-plane orientation. Deformation of
these buckles due to a second compression along the buckling di-
rection produces zigzags, also known as a herringbone pattern. Our
technique reproduces this phenomenon when a model is subjected
to this same compression sequence. An example is shown at top
left in Figure 8 with a real example below. The figure also shows
that our model produces the familiar flower patterns that are often
seen in upholstered furniture.

7.4 Facial Wrinkles

One possible application for embedded thin shells is to produce
wrinkles for character animation. Figure 9 shows wrinkles pro-
duced for different skin properties, resulting in different wave-
lengths. In this example, we compute muscle activations for a lat-
tice in which the face is embedded, and estimate these muscle ac-
tivations from a blend shape deformation model. This allows the
interior to undergo novel and dynamic deformations, as opposed to
the results which could be produced by using static blend shapes to
drive the shell in lieu of embedded mesh positions.
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Figure 8: Left top, a Miura-ori pattern emerging after biaxial com-
pression, and bottom, the same pattern in a thin film atop a thick
elastic substrate that manifest in a drying slab of gelatin with a thin
skin that forms naturally (from Mahadevan and Rica [2005] with
permission). Right, distinctive flower patterns emerge with local-
ized pressure, resembling deep buttoning on upholstered furniture.

8 Conclusion

Our approach of embedding thin shells can be used to simulate a
variety of different kinds of objects with soft interior and a harder
skin. Our approach is straightforward and uses intuitive frequency
limited constraints to tie the high resolution shell to a low resolu-
tion dynamic simulation of the interior deformations. The key is
to identify the critical wavelength of wrinkles based on the model
parameters, and use this in the design of the constraints. The result
is fine details of wrinkles on the surface with a simplified cost of
simulating the large geometric deformations of the interior. Fur-
thermore, the quadratic shape functions used for the interior let us
keep the number of interior elements needed to a minimum, while
avoiding all the C0 artifacts that linear shape functions produce at
element boundaries. In future work, we plan to explore improve-
ments in our static solver, such as preconditioning, and line search
modifications. Finally, our largest examples will also benefit from
partitioning and parallelization techniques.
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LÉVY, B., AND LIU, Y. 2010. Lp centroidal Voronoi tessellation
and its applications. ACM Trans. Graph. 29, 4, 119:1–119:11.

MAGNENAT-THALMANN, N., KALRA, P., LUC LEVEQUE, J.,
BAZIN, R., BATISSE, D., AND QUERLEUX, B. 2002. A com-
putational skin model: fold and wrinkle formation. IEEE Trans.
Information Technology in Biomedicine 6, 4, 317–323.

MAHADEVAN, L., AND RICA, S. 2005. Self-organized origami.
Science 307, 5716, 1740–1740.

MCADAMS, A., ZHU, Y., SELLE, A., EMPEY, M., TAMSTORF,
R., TERAN, J., AND SIFAKIS, E. 2011. Efficient elasticity
for character skinning with contact and collisions. ACM Trans.
Graph. 30, 4, 37:1–37:12.

MEZGER, J., THOMASZEWSKI, B., PABST, S., AND STRASSER,
W. 2009. Interactive physically-based shape editing. Computer
Aided Geometric Design 26, 6, 680–694.

MOLINO, N., BAO, Z., AND FEDKIW, R. 2004. A virtual node
algorithm for changing mesh topology during simulation. ACM
Trans. Graph. 23, 3, 385–392.
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Figure 9: Wrinkles on a face produced by muscles embedded in the FEM volume and activated to create the motion. Results are shown with
3 sets of skin stiffness and bending paramenters (left) along with the large deformation embedded mesh (right).

h Ex/Eq λ c n nx nq tq-setup tH-setup tx txA tFx tq tqA tFq
pillow 0.0002 102 0.00404 2108 28194 19792 45 1584 1377 45690 521 14 45 5 4
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bar 0.0001 102 0.00202 82 6534 4352 8 296 649 2694 196 5 6 0.4 0.3
slab 0.001 102 0.02021 6 918 500 1 109 162 12 0.7 1 0.1 0.1
slab 0.0002 103 0.00870 21 918 500 1 108 252 19 0.7 1 0.1 0.1

Table 1: Example sizes and times per frame for some of different simulations involving the 50 cm pillow in the supplementary video, the 80
cm bar from Figure 3, and the 50 cm slab from Figure 6. The skin thickness is h meters, the Young’s Modulus of skin and interior are Ex
and Eq respectively, λ is the critical wavelength in meters, c is the number of constraints, n the number of shell degrees of freedom, nx is the
number of faces in the mesh, nq is the number of hexahedral elements, tq-setup is the lattice setup time, tH-setup is the constraint setup time, tx
is the time to linearize, assemble, solve and update the system, txA is the assembly portion of the static solve time, tFx is the time to compute
the shell forces. Finally tq is the time to linearize assemble solve and update the dynamic system, tqA is assembly portion of the dynamic
solve time, and tFq is the time to compute lattice elastic forces. All times are in milliseconds.
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